We introduce a class of bisexual branching processes where a control is achieved on the number of couples and the mating depends on the number of progenitor couples. We establish several probabilistic properties and some results about its extinction probability.
Introduction
In order to describe the probabilistic evolution of two-sex populations, several classes of bisexual processes have been investigated, see e.g. Alsmeyer and Rösler (1996) , Bruss (1984) , Daley (1968) , González et al. (2000 González et al. ( , 2001 , Molina et al. (2002) or Xing and Wang (2005) . We refer the reader to Hull (2003) or Haccou et al. (2005) couples and defined, for n ∈ Z + , in the recursive form:
where {(f n,i , m n,i )} n≥0;i≥1 is a sequence of independent and identically distributed non-negative, integer-valued random vectors; {L k } k≥0 is a sequence of non-negative real functions on R + × R + , for each k fixed L k is assumed to be monotonic non- , where Z * n = φ(Z n ) denotes the number of progenitor couples, namely, the couples that after the control governed by φ really participated in the reproduction. We remark that, if
couples leave the population; and no control is made if φ(Z n ) = Z n .
It is easy to verify that {(Z
and {Z * n } n≥0 are homogeneous Markov chains with 0 being an absorbing state for {Z n } n≥1 and {Z * n } n≥0 .
Moreover its theoretical interest, the bisexual model introduced in this work has several practical implications in population dynamics. For example, in phenomena concerning to inhabit or re-inhabit environments with animal species which have sexual reproduction, the probable evolution of the numbers of females, males, originated couples, and progenitor couples, may be described in term of this model. Indeed, the motivation behind the process (1) is the interest in developing stochastic models to describe probabilistically such situations.
Remark 2.1 The class of processes given in (1) includes some models investigated
in the bisexual branching process literature. Indeed, when φ(x) = x, x ≥ 0 one obtains the class of bisexual models introduced in Molina et al. (2002) . We remark that if φ is non-decreasing then one has, for each
In such a particular case, the model (1) may be considered under the perspective of the class of processes studied in Molina et al. (2002) (1) is reduced to the class of models given in Daley (1968) .
We will consider the following working assumptions about the mating functions:
Assumption (A1) expresses the fact that 
is fixed.
Probabilistic properties
Let us denote by f (s,
By (A1) and the fact that φ is non-increasing on
(iii) It is proved in a similar way that (ii) using the fact that φ is non-decreasing.
Proof. (i) First note that, from (A1) and the fact that
Controlled bisexual processes

7
(ii) Again by (A1) and taking into account that φ is non-increasing, one derives
(iii) It is proved in a similar manner that (ii) by using that φ is superadditive.
By Proposition 3.3(i), E[T
and, using Proposition 3.3(ii) and (2), assuming φ non-increasing, one deduces that
where
The reverse is obtained in (3) when φ is superadditive. Notice that,
We now study some stochastic monotony properties about
{F n } n≥1 and {M n } n≥1 .
Proposition 3.4 Assume (A2) and φ non-increasing on (0, ∞). Then for
Proof. Using (A2), the fact that φ(k 2 ) ≤ φ(k 1 ), and that L φ(k1) is monotonic nondecreasing in each argument, one derives for y ∈ R and n ∈ Z
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On the other hand, for y ∈ R and n ∈ Z
It is easy to verify that similar results with the reverse can be established, along the line of Proposition 3.4, if φ is non-decreasing. Let {(F
independent versions of {(F n , M n )} n≥1 and let us denote by {Z
their associated sequences of originated and progenitor couples, respectively, with
Proposition 3.5 Assume (A1), (A2), and φ superadditive. Then, for k ∈ Z + and y ∈ R, P (Z *
Proof. First, we shall prove that for n, k, j ∈ Z + and y ∈ R,
In fact, using (A2), the superadditivity of φ and (A1), one obtains
Note that for n = 0, using that Z * (i) 0
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non-increasing sequence, the induction hypothesis, Lemma 1 (see Appendix) and (4), one deduces that
Using a similar reasoning are proved the other inequalities.
Remark 3.1 Under assumptions in Proposition 3.5, it can be also proved that:
emigration of couples is produced in each genera
- tion, then P (Z n+k ≤ y) ≤ P ( Z * k i=1 Z * (i) n ≤ y), y ∈ R + , n ∈ Z + . (ii) If φ(Z n ) ≥ Z n , n ∈ Z + 0 , i.e.
immigration of couples is produced in each gene
- ration, then P (Z * n+k ≤ y) ≤ P ( Z k i=1 Z (i) n ≤ y), P (F n+k ≤ y) ≤ P ( Z k i=1 F (i) n ≤ y) and P (M n+k ≤ y) ≤ P ( Z k i=1 M (i) n ≤ y), y ∈ R + , n ∈ Z + .
Extinction probability
It is clear that the process (1) will become extinct if, in some generation, there are not any progenitor couples. Let us write by q N * = P (Z * n → 0 | Z * 0 = N * ) the extinction probability when the process is initiated with N * couples. Let us introduce the
and {Z 
(c) φ is superadditive and
Proof. Suppose that condition (a) is satisfied. We shall prove, by induction on n,
then, by (A1) and (A2),
and, from Galton-Watson process theory, using the fact that E[Y 1 ] > 1, one deduces that q N * < 1 and therefore q N * < 1. We now assume condition (b) holds. It is sufficient to verify that Z *
Again by induction, it is clear that Z *
from (A1) and (A2),
the result is derived. Finally, if (c) is satisfied then, considering that φ(0) = 0 and
To complete the proof it is sufficient to verify that Z n ≥ Z n , n ∈ Z + 0 . Now, by induction on n, if n = 1, using (A1), (A2) and the fact that φ(
Taking into account that φ is superadditive and therefore non-decreasing, one has that Z * 
(u i − u i+1 )s i + u n s n . Now, this inequality holds because u i − u i+1 ≥ 0, i = 1, . . . , n and u n ≥ 0.
